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Abstract
A linear MHD instability of the electric current sheet, characterized by a small normal magnetic ﬁeld component, varying along the
sheet, is investigated. The tangential magnetic ﬁeld component is modeled by a hyperbolic function, describing Harris-like variations of
the ﬁeld across the sheet. For this problem, which is formulated in a 3D domain, the conventional compressible ideal MHD equations are
applied. By assuming Fourier harmonics along the electric current, the linearized 3D equations are reduced to 2D ones. A ﬁnite diﬀerence
numerical scheme is applied to examine the time evolution of small initial perturbations of the plasma parameters. This work is an
extended numerical study of the so called “double gradient instability”, – a possible candidate for the explanation of ﬂapping oscillations
in the magnetotail current sheet, which has been analyzed previously in the framework of a simpliﬁed analytical approach for an incompressible plasma. The dispersion curve is obtained for the kink-like mode of the instability. It is shown that this curve demonstrates a
quantitative agreement with the previous analytical result. The development of the instability is investigated also for various enhanced
values of the normal magnetic ﬁeld component. It is found that the characteristic values of the growth rate of the instability shows a
linear dependence on the square root of the parameter, which scales uniformly the normal component of the magnetic ﬁeld in the current
sheet.
Ó 2011 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Flapping oscillations of the magnetotail current sheet
have been detected by many spacecraft measurements. In
particular, CLUSTER observations in the Earth’s magnetotail current sheet indicated the appearance of wave
perturbations propagating along the current sheet perpendicular to the magnetic ﬁeld lines (Zhang et al., 2002;
⇑ Corresponding author.
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Sergeev et al., 2003, 2004; Runov et al., 2005, 2006; Petrukovich et al., 2006). The CLUSTER observations are in
favor of the assumption that the ﬂapping perturbations
appear more frequently in the central part of the tail, than
near the ﬂanks. In the near-ﬂank tail regions, the ﬂapping
waves propagate predominantly from the center to the
ﬂanks. These observational results conﬁrm the hypothesis
of an internal origin of the ﬂapping motions, due to some
nonstationary processes localized deep inside of the magnetotail. The plasma sheet ﬂapping waves are interpreted
as quasi-periodic dynamical structures produced by almost
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Fig. 1. Geometrical scheme.

A small displacement, dz, of this plasma element along the
z-direction yields the restoring force Fz, which is the diﬀerence of two forces, caused by the magnetic tension and the
total pressure gradient (Erkaev et al., 2009),


1
@Bx @Bz
F z ¼  dz
;
ð3Þ
4p
@z @x z¼0
where Bx(z) is determined from a Taylor series expansion.
This force accelerates plasma in the z-direction, as shown
in Fig. 2. The equation of motion of this plasma element
has the form,
@ 2 ðdzÞ
¼ x2f dz;
@t2

ð4Þ

F
P( x, 2 )dx

2. Qualitative explanation
The geometrical conﬁguration of the problem is illustrated in Fig. 1. The equation of motion in the framework
of incompressible ideal MHD for a nonstationary plasma
has the following form,


@V
1
q
þ ðV  rÞV þ rP ¼
ðB  rÞB;
ð1Þ
@t
4p
where q is the plasma density, V is the plasma bulk velocity, B is the magnetic ﬁeld, and P is the total pressure. Let
us consider a plasma element of a unit volume, placed at
the center of the current layer. In the equilibrium state,
the total pressure gradient compensates the magnetic
tension,
@P
1
@Bz
¼
Bx
:
@z 4p
@x

z

Δ

vertical slippage motions of the neighboring magnetic
tubes, which allows to identify them as kink-like perturbations. Data analyses allow to estimate the essential parameters of the ﬂapping waves. Spatial amplitudes and
wavelengths are found to be of the order of 2–5 Earth’s
radii (Petrukovich et al., 2006), the typical frequency is estimated to be xf  0.035 rad/s (Sergeev et al., 2003), and the
generic speed of these waves lies in the range of a few tens
(30–70) km  s1 (Runov et al., 2005).
An analytical model of this phenomenon was proposed
by Erkaev et al. (2007, 2008, 2009) in the framework of the
incompressible MHD approach. For conditions of the
Earth’s magnetotail current sheet, this model yields estimations of the typical frequency (xf  0.03 rad/s) and a group
speed (60 km  s1), demonstrating a good agreement with
the CLUSTER observations (Erkaev et al., 2007). In accordance to this model, MHD ﬂapping modes can exist due to
a combined eﬀect of gradients of the tangential (Bx) and
normal (Bz) magnetic ﬁeld component along the normal
($zBx) and tangential ($xBz) directions with respect to
the current sheet. A stable situation for the current sheet
is associated with a positive result of the multiplication of
the two magnetic gradients, and an unstable (wave growth)
condition corresponds to the opposite case, $xBz$zBx < 0.
The analytical solution obtained demonstrates two possible
modes of the instability, which are kink-like and sausagelike modes. The kink-like mode is characterized by the displacement of the current sheet center, when the perturbation of the tangential component of the velocity, dVz, is
an even function of z. Vice versa, an odd functional behaviour of dVz(z) is relevant to the sausage-like mode, characterized by variations of the thickness of the current layer
without displacement of its center (Erkaev et al., 2008).
In this paper, we investigate numerically the kink-like
mode of the instability and compare our results with analytical predictions of the model of Erkaev et al. (2007–
2009), as mentioned above.
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Fig. 2. Small element of the current sheet. After Erkaev et al. (2009).
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where
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 @Bx @Bz
xf ¼
:
4pq @z @x

ð5Þ

In the case of a positive product of the two magnetic gradients, the parameter xf is real, and it has the meaning of
the characteristic frequency of the ﬂapping wave oscillations. In the opposite case of a negative product of the
magnetic gradients, the current sheet is unstable. The ﬂapping perturbations can grow up exponentially without
propagation, because xf is pure imaginary. These two cases
are characterized by a diﬀerent behaviour of the background total pressure. Speciﬁcally, the total pressure has
a maximum at the center of the current sheet for an unstable situation, and it has a minimum for stable conditions.
3. Formulation of the problem
We start from the system of the conservative equations
of ideal compressible MHD for a non-stationary plasma
sheet (Kulikovskii et al., 2001),
@q
þ r  ðqVÞ ¼ 0;
@t
@ðqVÞ
b ¼ 0;
þrP
@t


@ qV 2
B2
b ¼ 0;
þ qe þ
þrQ
@t 2
8p
@B
þ r  ðB  V  V  BÞ ¼ 0:
@t

ð6Þ
ð7Þ
ð8Þ
ð9Þ

Here, e = p/[q(j  1)] is the thermal energy in a unit volume, where j is the polytropic index, and p is the plasma
b are the momentum and energy ﬂux den^ and Q
pressure. P
sities, respectively,


1
B2 b
b
b
P ¼ qV  V þ p I 
BB I ;
ð10Þ
4p
2
 2

b ¼ qV V þ e þ p þ 1 B  V  B;
ð11Þ
Q
q
4p
2
where bI is the unitary matrix.
Next, we proceed to normalized quantities, using the set
of the constants of normalization, containing the halfwidth of the current sheet D, the magnetic ﬁeld value at
the upper boundary of the sheet B, the number density at
the center
of the sheet n, the proton Alfvén velocity
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V A ¼ B= 4pnmp (where mp is the proton mass), the pressure 
p ¼ B2 =ð4pÞ, and the time scale t ¼ D=V A . Assuming
an equilibrium initial state, we apply a perturbation technique to solve equations (6)–(9). Representing all values
as the sum of two terms, describing the initial equilibrium
state, U0, and a small perturbation, U1, we obtain the linearized system of equations for the vector of perturbations,
@U1 @Fx @Fy @Fz
þ
þ
þ
¼ 0:
@t
@x
@y
@z

ð12Þ
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We search for a solution of this system in the following
form, U1(x, y, z) = dU(x, z, t)exp(iky), where k is the wave
number. Then, the system of equations for the amplitudes
dU may be written as follows,
@ðdUÞ @Fx @Fz
þ
þ
¼ S;
@t
@x
@z

ð13Þ

where
dU ¼ ðdq; fq0 dV i þ V 0i dqg; fdBi g; dEÞi¼x;y;z :

ð14Þ

Here, dE ¼ 0:5V 20 dq þ q0 ðV0  dVÞ þ ðB0  dBÞþ dp=ðj  1Þ.
The expressions for the ﬂux densities Fx and Fz and for the
source function S are given in Appendix A.
4. Numeric scheme and results
We proceed to get a solution of the system (13), using a
Lax–Friedrichs ﬁnite diﬀerence method (Chu, 1978), which
is forward in time and centered in space an one-step ﬁrst
order scheme. The initial background state is chosen to
be a Harris-like conﬁguration with a linear normal component of the magnetic ﬁeld. We use the GSM coordinate system, rotated by 180° around the z axis, with its center
shifted to the magnetotail, so that the initial conﬁguration
is ﬁxed as follows,
B0x ¼  tanhðzÞ; V0 ¼ 0;
B0z ¼ a þ bx; B0y ¼ 0:
These background conditions are similar to those used by
Erkaev et al. (2007) in their analytical approach. At any
cross-section of the sheet, the gas pressure, p*, is determined from the static equation $zp* =  j0yB0x, wherefrom p* = p0  tanh2(z)/2  bln[cosh(z)]. The pressure
distribution along x-direction is found from the equation
$xp = j0yB
from
which
follows
that
R x0z,
p ¼ p þ 0 j0y B0z dx0 , which yields,
!


bx2
1
tanh2 ðzÞ
b
p ¼ p0  ax þ
bþ

2
2
2
cosh ðzÞ
 ln ½coshðzÞ:

ð15Þ

The constant values are j = 5/3, p0 = 5, q0 = 1, a = 0.1,
and b = 0.01. The initial distribution of the total pressure
is shown in Fig. 3. The total pressure has a maximum at
the center of the sheet, and the product of the gradients
of the magnetic ﬁeld components is negative, so that the
physical conditions for the growth of the instability, discussed in Section 2, are fulﬁlled.
The boundary conditions used for the upper and lower
boundaries, z ¼ fzmax ; zmin g, are,
dUðx; zÞ ¼ 0:

ð16Þ

This choice assumes the computational domain to be wide
enough, so that perturbations fade out far away from the
current sheet, in accordance to the solution for the eigenfunctions, obtained by Erkaev et al. (2009). These eigenfunctions do not depend on the x-coordinate value, as well as our
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The numeric viscosity of the scheme leads to an artiﬁcial
reduction of the growth rate. To estimate the genuine value
of c we use the Richardson-like extrapolation (Richardson,
1911), which assumes the scheme damping to be proportional to the mesh step, so that c*(k) = c(k)  A(k)h, where
c* is the computed value of c, quantity h is the mesh step,
and A(k) is some coeﬃcient which is independent of h.
Then, the extrapolating expression takes the form,

5
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c ¼ 2ch=2  ch ;

−2

5.1

where ch and ch=2 are the values of the growth rate obtained
by using the two computational grids with steps h and h/2,
respectively. Note that c obtained by formula (18) is a second order approximation (of the genuine quantity), while
values ch and ch=2 are ﬁrst order ones.
So, we perform our calculations in the rectangular box
[x  z] = [(10 . . . 0)  (5 . . . 5)], at the two uniform grids
with sizes [101  401] and [201  801]. The typical Courant
number C = 0.1 is used in both runs. In Fig. 5, the dispersion
curves ch ðkÞ; ch=2 ðkÞ and c(k) are plotted, as well as the analytical prediction as given by Erkaev et al. (2007), which
has the form,
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k
;
ð19Þ
cðkÞ ¼ Im½xf 
kþ1
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Fig. 3. Initial distribution of the total pressure in normalized units.

initial perturbation dVz = exp(z2). Therefore, the boundary conditions at the right and left boundaries,
x ¼ fxmax ; xmin g, are chosen as follows,
@ðdUÞ
ðx; zÞ ¼ 0:
@x

ð17Þ

We now solve system (13) for several ﬁxed values of the
wave number k to obtain the dispersion curve x(k). Since
x is a pure imaginary quantity in our situation, its imaginary part is the growth rate of the instability. We denote
it by c, c Im[x]. In Fig. 4, the typical picture of the development of the instability for k = 5 is presented.

CUR = 0.10; K=5.00; γ = 0.045; σ1/2 = 0.000
10

ð18Þ

where xf is described by formula (5). Thus, the numeric value Im[xf] = 0.08 turns out to be 20% less than the analytical one (0.1), yielded by the deﬁnition (5).
One can see that under the deﬁnition (15) of the plasma
pressure, the equilibrium condition $p = $  B  B is satisﬁed along the x direction, but not across the sheet. This
means that the non-zero force acts in the z direction producing the perturbation, which grows in time linearly.
However, after a while, this perturbation must become
negligible to be compared to the exponentially growing

5
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Fig. 4. Time evolution of the perturbation amplitudes. The wave number
is k = 5, the growth rate is Im[x] = 0.045, the standard deviation is
r < 103. The black vertical line marks the left boundary of the interval of
the calculation of x and r. The amplitudes dU = (dq, {dVk}, {dBk},
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Fig. 5. Dispersion curves for the kink instability, calculated at the grids
101  401 (red) and 201  801 (blue). The dispersion curve, obtained by
using the Richardson-like extrapolation (green), and the analytical
prediction (black), as obtained by Erkaev et al. (2007). The dotted lines
mark the corresponding limiting values Im[xf].
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double-gradient instability. Therefore, the deviation of the
plasma pressure ﬁxed in the form of (15) from the equilibrium distribution (which is unknown) corresponding to the
given conﬁguration of the magnetic ﬁeld, impacts the
obtained results in a minor way only. To conﬁrm this speculation, we performed calculations with the pressure distribution, satisfying the equilibrium condition in the z
direction,


bx2
tanh2 ðzÞ
~
 bln ½coshðzÞ; ð20Þ
p ¼ p0  ax þ
ðb þ 1Þ  
2
2
and calculations with the plasma pressure depending on the
magnetic potential A only (that is uniform along the ﬁeld
lines),
~
~
p ¼ p0  ðb þ 1ÞA;

ð21Þ

2

A ¼ ax þ

bx
þ ln ½coshðzÞ;
2

ð22Þ

where (Bx, Bz) = $A  ey, and ey is the unit vector in the
direction of the y axis. The results of the runs with these
three distributions of the pressure are compared in Fig. 6.
The diﬀerence between growth rates of the instability
amounts 2–5%, decreasing for the larger wave numbers.
The development of the instability is also investigated
for the range of enhanced values of the normal magnetic
ﬁeld component, for which the analytical model is not
applicable. In Fig. 7, we present the dependence of the
quantity Im[xf] on the value of the normal component of
the magnetic ﬁeld, Bz. The limiting value of the growth
rate, Im[xf], is calculated for Bz = a(0.1 + 0.01x), where
a = {1, 2, 4, 6, 8, 10}. Quantity Im[xf] shows a linear dependence on the square root of a.
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Fig. 6. Dispersion curves for three distributions of the plasma pressure.
Red curves are obtained with the expression (15) for p, blue – with the
expression (20) for ~
p, and green – with the expression (21) for ~
p. Dashed
~
lines mark the curves calculated at the grid 101  401, dashed-doted lines
– at the grid 201  801, and solid lines show Richardson extrapolations.
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the Bz value, Bz = a(0.1 + 0.01x). The calculations are performed at the
grids 101  401 (red), and 201  801 (blue). The curve, obtained by using
the Richardson-like extrapolation, is plotted by green color.

5. Conclusions
The dispersion curve is calculated numerically for the
kink-like mode of the magnetic double gradient instability.
The numeric discrepancy in the typical growth rate value
(short-wavelength limit) between the calculations and analytical prediction amounts 20%. One of the expectable reasons of this disagreement could be the compressibility of
the plasma, which has been neglected in the analytical
model. Though, few runs with enhanced values of the polytropic index j disprove this assumption as well as calculations for the case of an incompressible plasma. The
dispersion curves obtained for j = (5/3)b, where
b = {1, 102, 104, 106}, and for dq = 0 are found to be absolutely identical to each other, demonstrating the independence of the growth rate on the compressibility.
There is another diﬀerence of the mathematical treatments applied in numeric and analytical solutions. Namely,
the analytical model is developed in the frame of quasi-1D
MHD, while the numerical solution is obtained for a 2D
model. This means that some small terms of the linearized
MHD system, which have been neglected in the analytical
solution (Erkaev et al., 2009), may be responsible for the
observed disagreement between the two solutions.
The development of the instability is investigated also
for the range of enhanced values of the normal magnetic
ﬁeld component. It is found that typical values of the
growth rate demonstrate a linear dependence on the square
root of the parameter, which scales uniformly the Bz value
in the current sheet. This result conﬁrms partially the analytical prediction (5), claiming the typical frequency
(growth rate) to be proportional to the square root of the
gradient of the normal component of the magnetic ﬁeld.
Altogether, the numerical investigation of the doublegradient mechanism conﬁrms to a high extent the analytical prediction, claiming that the kink-like instability develops in a current sheet with a reverse gradient of the normal
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component of the magnetic ﬁeld, $xBz < 0. Note that conﬁgurations of this kind necessarily occur in the terrestrial
magnetotail, preceding the formation of magnetic reconnection events. As the instability proceeds, the current
sheet exhibits growing “ﬁnger” structures, which are similar to the classical Rayleigh-Taylor instability.

where
b 0 dV j þ V 0j d EÞj
b
b jÞ ¼ ðE
dð EV
j¼fx;y;zg ;
b 0 ¼ 0:5q0 V 2 þ B2 þ p0 j=ðj  1Þ;
E
0
0
b ¼ dE þ dp þ ðB0  dBÞ;
dE


dp ¼ ðj  1Þ dE  0:5V 20 dq  q0 ðV0  dVÞ  ðB0  dBÞ :
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Appendix A. Flux densities and source function
The ﬂux densities Fx, Fz, and the source function S in the
Eq. (13) are given in the following equalities,
F x1 ¼ V 0x dq þ q0 dV x ;
F x2 ¼ V 20x dq þ 2q0 V 0x dV x  2B0x dBx þ dp þ ðB0  dBÞ;
F x3 ¼ q0 ðV 0x dV y þ V 0y dV x Þ þ V 0x V 0y dq  B0x dBy  B0y dBx ;
F x4 ¼ q0 ðV 0x dV z þ V 0z dV x Þ þ V 0x V 0z dq  B0x dBz  B0z dBx ;
F x5 ¼ 0; F x6 ¼ V 0x dBy þ B0y dV x  B0x dV y  V 0y dBx ;
F x7 ¼ V 0x dBz þ B0z dV x  B0x dV z  V 0z dBx ;
b x Þ  B0x ½ðB0  dVÞ þ ðV0  dBÞ  B0 V 0 dV x ;
F x8 ¼ dð EV
F z1 ¼ V 0z dq þ q0 dV z ;
F z2 ¼ q0 ðV 0x dV z þ V 0z dV x Þ þ V 0x V 0z dq  B0z dBx  B0x dBz ;
F z3 ¼ q0 ðV 0y dV z þ V 0z dV y Þ þ V 0y V 0z dq  B0z dBy  B0y dBz ;
F z4 ¼ V 20z dq þ 2q0 V 0z dV z  2B0z dBz þ dp þ ðB0  dBÞ;
F z5 ¼ V 0z dBx þ B0x dV z  B0z dV x  V 0x dBz ;
F z6 ¼ V 0z dBy þ B0y dV z  B0z dV y  V 0y dBz ;
b z Þ  B0z ½ðB0  dVÞ þ ðV0  dBÞ  B0 V 0 dV z ;
F z7 ¼ 0; F z8 ¼ dð EV
S 1 ¼ ik½V 0y dq þ q0 dV y ; S 2 ¼ ik½q0 ðV 0x dV y þ V 0y dV x Þ
þ V 0x V 0y dq  B0x dBy  B0y dBx ; S 3 ¼ ik½V 20y dq
þ 2q0 V 0y dV y  2B0y dBy þ dp þ ðB0  dBÞ;
S 4 ¼ ik½q0 ðV 0z dV y þ V 0y dV z Þ þ V 0y V 0z dq  B0y dBz  B0z dBy ;
S 5 ¼ ik½V 0y dBx þ B0x dV y  B0y dV x  V 0x dBy ;
S 6 ¼ 0; S 7 ¼ ik½V 0y dBz þ B0z dV y  B0y dV z  V 0z dBy ;
b y Þ  B0y ½ðB0  dVÞ þ ðV0  dBÞ  B0 V 0 dV y ;
S 8 ¼ ik½dð EV
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